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In this work, we propose a probabilistic teleportation protocol to teleport a single qubit via three-qubit W-
states using two-qubit measurement basis. We show that for the proper choice of the state parameter of the
resource state, it is possible to make success probability of the protocol very high. We deduce the condition for
the successful execution of our teleportation protocol and this gives us new class of three-qubit W-states which
act as a resource state. We have constructed operators that can be used to verify the condition of teleportation in
experiment. This verification is necessary for the detection of whether the given three-qubit state is useful in our
teleportation protocol or not. Further we quantify the amount of entanglement contained in the newly identified
shared W-class of states. Moreover, we show that the W-class of shared state used in the teleportation protocol
can be prepared using NMR set up.
PACS numbers: 03.67.Hk, 03.67.-a
Keywords: Quantum Channel, Quantum Teleportation,
Quantum Entanglement
I. INTRODUCTION
Entanglement, a quantum mechanical feature which has no
analogue in classical domain [1]. It act as a powerful resource
in quantum information processing in the sense that without
entanglement, a quantum state transfer or quantum teleporta-
tion of a quantum state would not be possible within the laws
of quantum mechanics [2]. Quantum teleportation is an indis-
pensable tool in quantum computing [3] and quantum com-
munication [4]. A revolutionary idea in the field of quantum
communication had been given by Bennett et. al in 1993 in
the form of a teleportation protocol [5]. In their work, it has
been shown that the information encoded in a single qubit can
be transferred to a distant receiver via a two-qubit maximally
entangled state shared between sender and receiver with the
help of two bits of classical communication. The protocols
for quantum teleportation are crucial not only in the develop-
ment of quantum information theory but also in the enhance-
ment of quantum technologies. The teleportation protocol can
be deterministic [5] or probabilistic [6] in the sense that the
qubit can be teleported with unit probability or with some
non-zero probability less than unity. Now if it is possible to
teleport a qubit from one place to another distant place with
unit fidelity and unit probability then it can be referred to as
perfect teleportation. In the original teleportation protocol,
perfect teleportation of a single qubit has been achieved with
shared pure two-qubit maximally entangled state. However,
if the shared entangled state is a non-maximally entangled
state then there exist teleportation protocols by which we can
teleport a qubit with unit fidelity but with some probability
less than unity [7]. There are some other teleportation pro-
tocol such as port-based teleportation protocol [8] in which
unknown quantum state is to be teleported to one of several
ports at distant partner’s site, symmetric multiparty-controlled
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teleportation protocol [9] where teleportation of an arbitrary
two-qubit entangled state has been studied using two GHZ
states [10], and perfect controlled teleportation protocol [11]
where three-qubit entangled state as a shared resource state
has been used. Neves et.al. have studied the teleportation
of unknown qudit states through pure quantum channels with
non-maximal Schmidt rank [12]. Therefore, the shared entan-
gled state plays a vital role in the architecture of teleportation
protocols. Experimental realization of quantum teleportation
has also been successfully demonstrated with photonic qubits
[13] and atomic qubits [14].
Two-qubit mixed entangled state can also be used as a re-
source in teleportation protocol to teleport a qubit [15]. H.
Jeong have studied quantum teleportation of optical qubits us-
ing hybrid entanglement as a quantum channel under decoher-
ence effects [16]. But it can be seen that touching the mark of
unit fidelity is not possible in any teleportation protocol that
involve mixed two-qubit entangled state as a shared resource
state. Thus, shared mixed two-qubit entangled state cannot be
considered as a good candidate for perfect teleportation.
It has been found that an unknown three-qubit GHZ-class of
entangled state can be used as quantum channels in some tele-
portation scheme, which has been realized in experiment also
[17, 18]. Implementation of adiabatic quantum teleportation
protocol for perfect teleportation with three-qubits has been
investigated by Oh et.al [19]. It has also been found that
a maximally entangled five-qubit state introduced by Brown
et.al. [20] is useful for perfect teleportation of a single qubit
and two-qubit state [21].
Apart from three-qubit GHZ class of states, there are another
class of three-qubit states known as W-class of states. These
two classes of three-qubit entangled states are inequivalent
under stochastic local operation and classical communication
(SLOCC) [22]. We should note an important fact that if we
trace out one qubit from three-qubit GHZ class of states then
the reduced two-qubit state will become zero-discord state
[23] while the situation is different in case of three-qubit W-
class of states. That is, if we trace out one qubit from three-
qubit W-class of states then the reduced two-qubit mixed state
would be an entangled state and not only that they may be used
as a quantum channel in teleportation. In [24], it has been
shown that three-qubit W-state can serve as a useful shared
2resource state in quantum secure communication. Gorbachev
et.al. [25] have designed a quantum teleportation protocol us-
ing W-state as a shared quantum channel but this protocol de-
mand nonlocal operation to recover the unknown state. There
also exist other teleportation protocol, which uses W-state as
a resource state but the protocol works with teleportation fi-
delity less than unity [26].
In 2006, Agrawal and Pati [27] have shown that there exist a
three-qubit W-class of states that can be used as a shared re-
source state to achieve perfect teleportation of a single qubit
state. Their teleportation protocol based on von Neumann
type three-qubit projective measurement and two classical bit
of communication. But in practical, it would be difficult to re-
alize von Neumann type three-qubit projective measurement
in the experiment. This motivate us to re-visit their telepor-
tation protocol for any possibility to use two-qubit von Neu-
mann type projective measurement instead of three-qubit pro-
jective measurement. In this work, we have shown that it is
possible to resolve the issue noticed in Agrawal-Pati telepor-
tation protocol by modifying their protocol in a way where
we can use two-qubit projective measurement basis instead of
three-qubit measurement basis. We overcome the problem by
introducing probabilistic teleportation protocol in which it is
possible to choose the state parameter of the resource state in
such a way that the protocol will work with high probability
of success. Hence, in this sense we will consider our protocol
as nearly perfect teleportation protocol.
This paper is organized as follows: In Sec. II, we revisit
Agrawal-Pati teleportation protocol to teleport a single qubit.
In Sec. III, we introduce our teleportation protocol and derive
the condition for which the single qubit can be teleported with
unit fidelity but with probability near to unity. In Sec. IV,
we discuss about the realization of our proposed nearly per-
fect teleportation protocol. In Sec. V, we quantify the amount
of shared three-qubit entangled W-class of state used in our
teleportation protocol and also discuss about its realization in
experiment. In Sec. VI, we discuss the preparation of shared
three-qubit W-states in the teleportation protocol using NMR
set up. We conclude in Sec. VII.
II. REVISITING AGRAWAL AND PATI’S PERFECT
TELEPORTATION PROTOCOL TO TELEPORT A SINGLE
QUBIT
Agrawal and Pati studied a perfect teleportation protocol to
teleport a single qubit, which followed original teleportation
protocol with a difference that they have used three-qubit W-
class of states as a shared resource state. Moreover, they have
shown that there exist a special class of three-qubit W-state
that can be used as a resource state for perfect teleportation
of a single qubit. In this section, we revisit their teleportation
scheme with some interesting facts.
A. Agrawal and Pati’s teleportation protocol
Let us consider a single qubit state to be teleported as
|ψ〉x = α|0〉+ β|1〉, |α|2 + |β|2 = 1 (1)
Assume that the pure three qubit resource state belonging to
W-class is given by
|W (λ0, λ2, λ3)〉ABC = λ0|100〉+ λ2|001〉+ λ3|010〉 (2)
The normalization condition for the state
|W (λ0, λ2, λ3)〉ABC is given by
|λ0|2 + |λ2|2 + |λ3|2 = 1 (3)
Further, we assume that the qubits ’x’, ’A’ and ’B’ possessed
by the sender Alice and the remaining qubit is with the re-
ceiver Bob. The composite system of four qubits is described
by the tensor product of |ψ〉x and |W 〉ABC and it is given by
|Φ〉xABC = |ψ〉x ⊗ |W 〉ABC
= αλ0|0100〉+ αλ3|0010〉+ αλ2|0001〉+
βλ0|1100〉+ βλ3|1010〉+ βλ2|1001〉
=
1
2
[|M+1 〉xAB ⊗ (α|0〉c + β|1〉c) + |M−1 〉xAB ⊗
(α|0〉c − β|1〉c) + |M+2 〉xAB ⊗ (β|0〉c + α|1〉c)
+|M−2 〉xAB ⊗ (β|0〉c − α|1〉c)] (4)
where the three-qubit state vectors |M+1 〉xAB , |M−1 〉xAB ,
|M+2 〉xAB and |M−2 〉xAB are given by
|M+1 〉xAB = λ0|010〉+ λ3|001〉+ λ2|100〉
|M−1 〉xAB = λ0|010〉+ λ3|001〉 − λ2|100〉)
|M+2 〉xAB = λ0|110〉+ λ3|101〉+ λ2|000〉)
|M−2 〉xAB = λ0|110〉+ λ3|101〉 − λ2|000〉) (5)
The three-qubit state vectors |M+1 〉xAB , |M−1 〉xAB ,
|M+2 〉xAB and |M−2 〉xAB should be orthogonal to each
other to realize the perfect teleportation but it can be easily
shown that 〈M+1 |M−1 〉 6= 0 and 〈M+2 |M−2 〉 6= 0. Since all
pairs of three-qubit state vectors are not orthogonal to each
other so we have to impose orthogonality condition on the
above three-qubit vectors.
The three-qubit vectors |M+1 〉xAB , |M−1 〉xAB , |M+2 〉xAB and
|M−2 〉xAB are orthogonal to each other if
|λ0|2 + |λ3|2 = |λ2|2 (6)
Under the condition given by (6), Alice can perform measure-
ment on the state |Φ〉xABC using three-qubit measurement ba-
sis B = {|M+1 〉xAB, |M−1 〉xAB, |M+2 〉xAB|M−2 〉xAB}. De-
pending on the measurement outcome, Alice send two bit of
classical information to Bob and then Bob apply correspond-
ing single qubit unitary operation to complete the teleportation
protocol.
3B. Geometrical interpretation of the condition of perfect
teleportation
Using the orthogonality condition (6) in the normalization
condition (3), we have
|λ2|2 = 1
2
(7)
From (6) and (7), we have
|λ0|2 + |λ3|2 = 1
2
(8)
Equation (8) gives the required condition for perfect telepor-
tation of a single qubit using W-class state given by (2) as
a resource state following Agrawal-Pati’s teleportation proto-
col.
Since λ0 and λ3 are complex parameters so we can always
take λ0 = ue
iθ1 and λ3 = ve
iθ2 , where u, v are real variables
and θ1, θ2 denote phases.
The equation (8) then reduces to
u2 + v2 =
1
2
(9)
Geometrically, it represent a circle with center at (0,0) and
radius 1√
2
. At the center of the circle, the parameters λ0 and
λ3 are equal to zero and thus the state |001〉 lying at the center
of the circle. It is interesting to note that the states lying on the
circumference of the circle are useful for perfect teleportation
in Agrawal-Pati’s teleportation protocol.
Without any loss of generality, we can choose u = 1√
2+2n
and
v =
√
n√
2+2n
, where n is any real number. Then the three-qubit
W-class of states used as a resource state in Agrawal-Pati’s
teleportation protocol is given by
|W ( e
iθ1
√
2 + 2n
,
1√
2
,
√
neiθ2√
2 + 2n
)〉ABC = e
iθ1
√
2 + 2n
|100〉
+
1√
2
|001〉+
√
neiθ2√
2 + 2n
|010〉 (10)
If we take the parameter n in such a way that either
u2 + v2 <
1
2
(11)
or
u2 + v2 >
1
2
(12)
holds then the three-qubit states lying inside or outside the cir-
cle and thus they are not useful as a resource state for perfect
teleportation.
III. PROPOSAL OF NEARLY PERFECT
TELEPORTATION PROTOCOL TO TELEPORT A SINGLE
QUBIT WITH PURE THREE-QUBIT W-CLASS RESOURCE
STATE AND TWO-QUBIT MEASUREMENT BASIS
In this section, we propose a teleportation protocol that re-
quire two-qubit Bell state measurement instead of three-qubit
projectivemeasurement to achieve nearly perfect teleportation
of a single qubit. Moreover, we show that there exist another
W-class of states different from the class introduced in [27]
that can be used for nearly perfect teleportation of a single
qubit.
Let us start the teleportation protocol by assuming that the
sender Alice want to send some information encoded in a sin-
gle qubit state given in (1) by teleporting the qubit to the re-
ceiver Bob. We consider again that Alice and Bob share the
resource state (2). The resource state used in the protocol al-
though belong to the class of W-state but we will show that
they represent different class of W-state in comparison to the
W-class given in (10).
A. Proposal for nearly perfect teleportation protocol to
teleport a single qubit
Let us consider the composite system of four qubits which
can be expressed as the tensor product of (i) a single qubit to
be teleported given in (1) and (ii) the three-qubit resource state
given in (2). Therefore, four qubit state can be expressed as
|Φ〉xABC = |ψ〉x ⊗ |W 〉ABC
= αλ0|0100〉+ αλ3|0010〉+ αλ2|0001〉+
βλ0|1100〉+ βλ3|1010〉+ βλ2|1001〉
=
1
2
[|N+1 〉xAB ⊗ (α|0〉c + β|1〉c) + |N−1 〉xAB ⊗
(α|0〉c − β|1〉c) + |N+2 〉xAB ⊗ (β|0〉c + α|1〉c)
+|N−2 〉xAB ⊗ (β|0〉c − α|1〉c)] (13)
where the three-qubit vectors |N+1 〉xAB , |N−1 〉xAB , |N+2 〉xAB
and |N−2 〉xAB can be expressed in the form as
|N+1 〉xAB = (λ0|01〉+ λ2|10〉)⊗ |0〉+ λ3|00〉 ⊗ |1〉
|N−1 〉xAB = (λ0|01〉+ λ2|10〉)⊗ |0〉+ λ3|00〉 ⊗ |1〉
|N+2 〉xAB = (λ0|11〉+ λ2|00〉)⊗ |0〉+ λ3|10〉 ⊗ |1〉
|N−2 〉xAB = (λ0|11〉 − λ2|00〉)⊗ |0〉+ λ3|10〉 ⊗ |1〉(14)
Alice then construct the projectors F and I − F , where
F = IxAB+IxA⊗(σz)B2 for performing measurement on her
qubits.
After the action of the projector F , the four qubit state
|Φ〉xABC can be expressed as
|Υ(1)〉xACB = (F ⊗ IC)|Φ〉xABC
= |Ψ(1)〉xAC ⊗ |0〉B (15)
where the three-qubit state vector |Ψ(1)〉xAC is given by
|Ψ(1)〉xAC = 1
2
[|P+1 〉xA ⊗ (α|0〉c + β|1〉c) + |P−1 〉xA ⊗
(α|0〉c − β|1〉c) + |P+2 〉xA ⊗ (β|0〉c + α|1〉c)
+|P−2 〉xA ⊗ (β|0〉c − α|1〉c)] (16)
4The vectors |P+1 〉xA, |P−1 〉xA, |P+2 〉xA, |P−2 〉xA are given by
|P+1 〉xA = λ0|01〉+ λ2|10〉
|P−1 〉xA = λ0|01〉 − λ2|10〉
|P+2 〉xA = λ0|11〉+ λ2|00〉
|P−2 〉xAB = λ0|11〉 − λ2|00〉 (17)
The probability that the state collapsing to |Ψ(1)〉xAC ⊗ |0〉B ,
after performing measurement with the projector F is given
by
P (1) = |λ0|2 + |λ2|2 (18)
On the other hand, if Alice apply the projector I − F on her
qubit then the four qubit state |Φ〉xABC reduces to
|Υ(2)〉xACB = ((I − F )⊗ IC)|Φ〉xABC
= |Ψ(2)〉xAC ⊗ |1〉B (19)
where the three-qubit state vector |Ψ(2)〉xAC is given by
|Ψ(2)〉xAC = λ3(α|0〉+ β|1〉)x ⊗ |0〉A ⊗ |0〉C (20)
The probability of getting the state |Ψ(2)〉xAC ⊗ |1〉B is given
by
P (2) = |λ3|2 (21)
It is clear from (20) that if Alice perform projective measure-
ment with the projector I − F then the state cannot be tele-
ported and hence our teleportation protocol fails.
To make our teleportation protocol nearly perfect, we can
choose small value of the parameter λ3 in the shared state
so that the second order term λ23 is negligible. Therefore,
it is possible to make the probability of getting the state
|Ψ(2)〉xAC ⊗ |1〉B almost zero. Alternatively, we can say that
it is possible to take the probability P1 toward unity and hence
this make our protocol nearly perfect.
Let us now consider the case when Alice apply the projector
F . In this scenerio, the two-qubit vectors |P+1 〉xA, |P−1 〉xA,
|P+2 〉xA and |P−2 〉xA should be orthogonal to each other but
we find that there exist at least one pair which are not or-
thogonal so we have to impose orthogonality condition on the
above two-qubit vectors. The two-qubit vectors |P+1 〉xAB ,
|P−1 〉xAB , |P+2 〉xAB and |P−2 〉xAB are orthogonal to each
other if
|λ0|2 = |λ2|2 (22)
Under the condition given by (22), Alice perform Bell-state
measurement on her two qubits ”x” and ”A” and send the
measurement outcome to Bob using two classical bits. In the
last step of the protocol, Bob apply suitable Pauli operator
on his qubit according to the Alice’s measurement result to
retrieve the original qubit given in (1).
B. Geometrical interpretation of the condition of nearly
perfect teleportation protocol
Using the orthogonality condition (22), the normalization
condition (3) reduces to
2|λ0|2 + |λ3|2 = 1 (23)
where |λ3| is very small.
We therefore arrived at the condition (23) which is the re-
quired condition for nearly perfect teleportation of a single
qubit using W-class state given by (2) as a resource state in
our teleportation protocol.
The condition for nearly perfect teleportation given in (23) can
be re-expressed as
|λ0|2
( 1√
2
)2
+
|λ3|2
12
= 1 (24)
Choosing λ0 = ue
iη1 and λ3 = ve
iη2 , equation (24) take the
form
u2
( 1√
2
)2
+
v2
12
= 1 (25)
where u, v are real variables and η1, η2 are phases and v is
very small.
Geometrically, equation (25) represents an ellipse with center
at (0,0). The state |001〉 lying at the center of the ellipse. The
length of the semi-major and semi-minor axis is 1√
2
and 1 re-
spectively. It can be observe that the three-qubit W-class of
state used as a resource state in the modified perfect telepor-
tation protocol are lying on the circumference of the ellipse.
If we choose the values of the real variables u and v in such a
way that either
u2
( 1√
2
)2
+
v2
12
< 1 (26)
or
u2
( 1√
2
)2
+
v2
12
> 1 (27)
holds then the three-qubit states lying either inside or outside
the ellipse and thus they are not useful as a resource state for
perfect teleportation in modified teleportation protocol.
C. New class of shared three-qubit W-states useful in
teleportation of a single qubit
In this section, we provide the actual form of a class of
shared three-qubit W-states useful in modified teleportation
protocol to teleport a single qubit.
Without any loss of generality, we can choose u =
√
m√
2+2m
and v =
√
2√
2+2m
, where m is any large real number. Then
5the form of shared three-qubit W-class of states in modified
teleportation protocol may be represented as
|Ws(
√
m
2 + 2m
eiη1 ,
√
m
2 + 2m
,
√
2
2 + 2m
eiη2)〉ABC
=
1√
2 + 2m
[
√
m(eiη1 |100〉+ |001〉) +
√
2eiη2 |010〉](28)
D. Comparison of our proposed teleportation protocol with
Agrawal-Pati’s protocol
We are now in a position to compare modified teleporta-
tion protocol with Agrawal-Pati’s teleportation protocol. The
motivation of both the teleportation protocols is same, that is,
both protocols work for teleporting a single qubit using shared
W-class of state but there are significant differences between
the two protocols. The differences will be discussed in the
points given below:
(i) Agrawal-Pati teleportation protocol is deterministic but
our proposed teleportation protocol is probabilistic with high
probability of success.
(ii) Agrawal-Pati teleportation protocol needs three-qubit
measurement for the successful implementation of the pro-
tocol while our protocol needs two-qubit Bell-state measure-
ment when Alice perform the projective measurementF . Pos-
sibly, two-qubit measurements are easier to implement in an
experiment than the three-qubit measurement. Further, we
should note an important fact that discrimination of four en-
tangled Bell states is necessary for the implementation of tele-
portation protocol. In this context, we are fortunate since dis-
crimination of four entangled Bell states has been achieved in
experiment with linear optical elements [28, 29].
(iii) We find that in our protocol, the shared W-class of states
useful for perfect teleportation of a single qubit lies on an el-
lipse with center at (0,0) and length of semi-major and semi-
minor axes of the ellipse are 1√
2
and 1 respectively but in
Agrawal-Pati’s teleportation protocol, sharedW-class of states
useful for perfect teleportation lies on the circumference of a
circle with center at (0,0) and radius 1√
2
.
(iv)We find that the shared three-qubitW-class of states useful
in our teleportation protocol lies on an ellipse and the perime-
ter of it is equal to
√
3pi while in the Agrawal-Pati telepor-
tation protocol, the shared three-qubit W-class of states are
lying on a circle with circumference
√
2pi. Since in this case,
the perimeter of the ellipse is greater than the circumference
of a circle so we can conclude that our proposed teleportation
protocol identifies more three-qubitW-class of states compare
to Agrawal-Pati teleportation protocol.
IV. REALIZATION OF THE CONDITION OF
TELEPORTATION
In this section, we express the condition of perfect telepor-
tation for Agrawal-Pati’s teleportation protocol and condition
of nearly perfect teleportation of our teleportation protocol in
terms of the concurrences [30] of two-qubit reduced states.
The two-qubit reduced states can be obtained by tracing out
one qubit from three-qubit W-class states given in (10) and
(28) respectively. By doing this, we will show that the condi-
tion of perfect/nearly perfect teleportation for the above dis-
cussed teleportation protocol can be realized in experiment.
Let us consider the three-qubit state given in the canonical
form as
|Ω〉 = λ0|000〉+ λ1eiϕ|100〉+ λ2|101〉+ λ3|110〉
+ λ4|111〉 (29)
where λ′is are non-negative real numbers satisfying λ
2
0+λ
2
1+
λ22 + λ
2
3 + λ
2
4 = 1.
For the three-qubit state |Ω〉, the invariants under local unitary
transformations are given by [31]
λ0λ4 =
√
τABC
2
λ0λ2 =
CAC
2
λ0λ3 =
CAB
2
|λ2λ3 − eiϕλ1λ4| = CBC
2
(30)
Since we are interested in W-class of states and would like to
keep all the concurrences of two-qubit state non-zero so we
choose λ4 = 0. Further without any loss of generality we
can assume λ1 = 0. Thus these choices of the parameters λ1
and λ4 reduce the canonical form of three-qubit state to the
W-class of state given by
|Ws(λ0, λ2, λ3)〉 = λ0|000〉+ λ2|101〉+ λ3|110〉 (31)
For the W-class of state |Ws(λ0, λ2, λ3)〉, the invariants given
in (30) also reduces to
2λ0λ2 = CAC
2λ0λ3 = CAB
2λ2λ3 = CBC (32)
Solving equations (32), we can express the parameters λ0 and
λ3 in terms of λ2 which is given by
λ0 =
CAB
CBC
λ2, λ3 =
CAB
CAC
λ2 (33)
A. Case of Agrawal-Pati teleportation protocol
Tajima studied the necessary and sufficient condition of the
possible application of a deterministic LOCC transformation
of three-qubit pure states [32]. LOCC operation σx ⊗ I ⊗ I
reduces the state |Ws(λ0, λ2, λ3)〉 given by (31) to the state
|W (λ0, λ2, λ3)〉ABC given by (2). This implies that
|W (λ0, λ2, λ3)〉ABC = (σx ⊗ I ⊗ I)|Ws(λ0, λ2, λ3)〉ABC
= λ0|100〉+ λ2|001〉+ λ3|010〉 (34)
6For Agrawal-Pati teleportation protocol, λ2 =
1√
2
. Thus, the
parameters λ0 and λ3 given in (33) can be re-expressed as
λ0 =
CAB√
2CBC
, λ3 =
CAB√
2CAC
(35)
In this case, the condition for perfect teleportation given by (8)
can be re-written in terms of concurrences CAB , CBC , CAC
as
1
C2AB
=
1
C2BC
+
1
C2AC
(36)
The relation (36) can be expressed as
C2AB =
1
2
H(C2BC , C
2
AC) (37)
where H(C2BC , C
2
AC) =
1
C2
BC
+ 1
C2
AC
denote the harmonic
mean of C2BC and C
2
AC .
Also, the relation between harmonic mean and geometric
mean is given by
H(C2BC , C
2
AC) ≤ G(C2BC , C2AC) (38)
where G(C2BC , C
2
AC) = CBC CAC denote the geometric
mean.
From (37) and (38), we have
C2AB ≤
1
2
G(C2BC , C
2
AC)
⇒ C2AB ≤
1
2
CBCCAC (39)
The equality condition holds when CBC = CAC . Therefore,
the inequality (39) reduces to an equality and it is given by
C2AB =
1
2
C2AC =
1
2
C2BC (40)
Under the particular condition (40), the parameters λ0, λ2,
and λ3 are given by
λ0 =
1
2
, λ2 =
1√
2
, λ3 =
1
2
(41)
Therefore, the corresponding shared three-qubit W-class of
states useful in Agrawal-Pati’s teleportation protocol is given
by
|W (1
2
,
1√
2
,
1
2
)〉ABC = 1
2
|100〉+ 1√
2
|001〉+ 1
2
|010〉 (42)
B. Case of our proposed teleportation protocol
The condition of nearly perfect teleportation for our pro-
posed teleportation protocol is given by (22) and it can be
re-expressed in terms of the concurrences of the two-qubit re-
duced states as
CAB = CBC (43)
The three-qubitW-class shared state useful for perfect telepor-
tation for the teleportation of a single qubit using our proposed
teleportation protocol is given by |Ws(λ0, λ2, λ3)〉, where the
state parameters can be expressed in terms of the concurrences
CAB and CAC as
λ20 = λ
2
2 =
C2AC
2C2AC + C
2
AB
λ23 =
C2AB
2C2AC + C
2
AB
(44)
We should note that for nearly perfect teleportation, the state
parameter λ3 is a small quantity and hence the concurrence
CAB must be very small.
C. Discussion
In [33], it has been shown that there exist operators O1,
O2 and O3 decomposed in terms of Pauli matrices, which can
be used to classify three-qubit pure states. The experimental
classification of three-qubit pure states based on these opera-
tors has been achieved [34]. The operatorsO1,O2 andO3 can
be defined as [33]
O1 = 2(σx ⊗ σx ⊗ σz),
O2 = 2(σx ⊗ σz ⊗ σx)
O2 = 2(σz ⊗ σx ⊗ σx) (45)
The square of the expectation values of the the above opera-
tors with respect to the state |Ws(λ0, λ2, λ3)〉 are given by
C2AB =
〈O1〉2Ws
4
,
C2AC =
〈O2〉2Ws
4
C2BC =
〈O3〉2Ws
4
(46)
Therefore, the concurrencesCAB , CBC and CCA of the two-
qubit reduced states of three-qubit Ws-class of states can be
realized experimentally.
Thus, the condition of perfect teleportation given in (36) for
Agrawal-Pati teleportation protocol and the condition given
in (43) for our proposed teleportation protocol can be realized
experimentally. Hence, for any given sharedW-class of states,
we can easily verify experimentally whether the given state
can be used for perfect/nearly perfect teleportation of a single
qubit either by applying Agrawal-Pati teleportation protocol
or by our proposed teleportation protocol.
V. QUANTIFICATION OF THREE-QUBIT
ENTANGLEMENT USING THREE-pi ENTANGLEMENT
MEASURE
In this section, we would like to quantify the amount of
entanglement in three-qubit W-class of states useful in our
7proposed teleportation protocol by three-pi entanglementmea-
sure. An entanglement measure used to quantify three-qubit
entanglement in terms of negativity referred to as three-pi en-
tanglement measure [35]. It can be defined as
piABC =
piA + piB + piC
3
(47)
where piA, piB , piC denote the residual entanglement given by
piA = N
2
A(BC) −N2AB −N2AC
piB = N
2
B(CA) −N2BC −N2BA
piC = N
2
C(AB) −N2CA −N2CB (48)
For any pure three-qubit state, it has been shown that [35]
NA(BC) = CA(BC), NB(CA) = CB(CA),
NC(AB) = CC(AB) (49)
Therefore, the relations for residual entanglement given in
(48) reduces to
piA = C
2
A(BC) −N2AB −N2AC
piB = C
2
B(CA) −N2BC −N2BA
piC = C
2
C(AB) −N2CA −N2CB (50)
Now our task is to show that the three-pi entanglement mea-
sure, which measures the amount of entanglement of three-
qubit W-class states useful in the proposed teleportation pro-
tocol, can be realized experimentally. To move towards our
goal, we will propose the method of realizing the quantities
C2
A(BC), C
2
B(CA), C
2
C(AB),N
2
AB ,N
2
AC andN
2
CA experimen-
tally.
A. Realization of C2A(BC), C
2
B(CA) and C
2
C(AB)
The tangle τABC for three qubits A, B, C can be defined by
the relation
C2C(BA) = τABC + C
2
CA + C
2
CB (51)
where CC(AB) represent the concurrence between the qubit C
and the pair of qubits B,A taking together, and CAB , CCA,
CCB denote the concurrences of two qubit reduced states
ρAB , ρBC , ρAC .
For W-class of states, τABC = 0 and thus the relation (51)
reduces to
C2C(BA) = C
2
AC + C
2
BC (52)
Similar relations can be written for C2B(CA), C
2
A(BC) as
C2B(CA) = C
2
BC + C
2
BA (53)
C2A(BC) = C
2
AB + C
2
AC (54)
For the three-qubit W-class of states represented by
|Ws(λ0, λ2, λ3)〉, the relations (52), (53) and (54) can be re-
expressed in terms of the expectation values of the operators
O1, O2, O3 as
C2A(BC) =
1
4
(〈O1〉2Ws + 〈O2〉2Ws)
C2B(CA) =
1
4
(〈O1〉2Ws + 〈O3〉2Ws)
C2C(AB) =
1
4
(〈O2〉2Ws + 〈O3〉2Ws)
(55)
Thus, the concurrencesC2A(BC), C
2
B(CA) and C
2
C(AB) can be
realized experimentally.
B. Realization of negativities for two-qubit reduced states
Let us consider again the three-qubit |Ws〉ABC state as
given in (31) to find out the negativities of the two-qubit
reduced states described by the density matrices ρAB =
TrC(|Ws〉ABC〈Ws|, ρBC = TrA(|Ws〉ABC〈Ws|, ρCA =
TrB(|Ws〉ABC〈Ws|. Therefore, the negativities of the two-
qubit reduced states ρAB , ρBC and ρCA are given by
NAB =
√
λ42 + 4λ
2
0λ
2
3 − λ22
NBC =
√
λ40 + 4λ
2
2λ
2
3 − λ20
NCA =
√
λ43 + 4λ
2
2λ
2
0 − λ23 (56)
The three-qubit class of states useful for nearly perfect tele-
portation of a single qubit according to our proposed telepor-
tation protocol is given by (31) with the state parameters given
by (44). Using equation (44) in (56), the negativities of the
two-qubit reduced states can be expressed as
NAB = NBC =
CAC(
√
C2AC + 4C
2
AB − CAC)
2C2AC + C
2
AB
NCA =
√
C4AB + 4C
4
AC − C2AB
2C2AC + C
2
AB
(57)
Equation (46) tells us that the negativities NAB, NBC , NCA
given in (57) can also be realized experimentally.
C. Realization of three-pi entanglement measure
We are now in a position to use three-pi entanglement mea-
sure to measure the amount of entanglement inWs− class of
states useful for the teleportation of a single qubit following
modified teleportation protocol.
The three-pi entanglement measure for the quantification of
Ws− class of states used in our teleportation protocol is given
by
piABC = 4(C
2
AB −N2AB) + 2(C2AC −N2AC) (58)
8where NAB and NAC are given by (57).
Since the two-qubit entanglementmeasureNAB andNAC can
be expressed in terms of concurrences CAB and CAC and as
shown in (46) these entanglement measures can be realized
experimentally so three-pi entanglement measure piABC can
also be realized experimentally.
VI. PROPOSAL TO REALIZE THE CONDITION OF
PERFECT TELEPORTATION IN NMR SET UP
A general three-qubit pure state is given by
|Θ〉ABC = cosα|000〉+ sinα cosβ sinγ|001〉
+ sinα sinβ|010〉+ sinα cosβ cosγ cosδ|100〉
+ eiφsinα cosβ cosγ sinδ|111〉 (59)
where the four parameters α ∈ [0, pi2 ], β ∈ [0, pi2 ], γ ∈ [0, pi2 ],
δ ∈ [0, pi2 ] whereas the relative phase parameter δ lying within
0 and 2pi (including 0 and 2pi).
The above general three-qubit pure state state can be con-
structed in NMR experiment by implementing a single
qubit rotation gate, several two-qubit controlled-rotation
and controlled-NOT gates, a three-qubit Toffoli gate and a
controlled-controlled phase gate [36].
Choosing α = pi2 and δ = φ = 0, a canonical form of general
three-qubit state (59) reduces to W-class state and it is given
by
|W 〉ABC = cosβ sinγ|001〉+ sinβ|010〉
+ cosβ cosγ|100〉 (60)
A. Preparation of shared entangled state for Agrawal-Pati
teleportation protocol in NMR set up
The preparation of shared entangled state is a necessary task
to realize any teleportation protocol. Three-qubit W-class of
state has been used in Agrawal-Pati teleportation protocol and
it can be prepared in NMR set up by choosing the appropriate
value of the parameter β and γ.
The three-qubit W-class of state given in (60) can be used as
a resource state in Agrawal-Pati teleportation protocol if
cosβ sinγ =
1√
2
(61)
Using the condition (61), we can construct W-class of states
using NMR set up, which can be used as shared resource state
in Agrawal-Pati teleportation protocol and the prepared class
of states take the form as
|WAP 〉ABC =
√
2cos2β − 1√
2
|100〉+ 1√
2
|001〉
+ sinβ|010〉, β ∈ (0, pi
4
] (62)
B. Preparation of shared entangled state for our teleportation
protocol in NMR set up
In our teleportation protocol, we have used different class
of three-qubit W-state and it can be observe that this class of
states can also be prepared in NMR set up.
The three-qubit W-class of state given in (28) can be used as
a resource state in our teleportation protocol if
tanγ = 1, i.e. γ =
pi
4
(63)
Therefore, three-qubit W-class of states used in our teleporta-
tion protocol can be prepared using NMR set up by choosing
the paramater γ = pi4 . Hence, the form of the W-class can be
expressed as
|WM 〉ABC = cosβ√
2
|100〉+ cosβ√
2
|001〉
+ sinβ|010〉, β ∈ (0, pi
2
) (64)
For nearly perfect teleportation, the value of β must be chosen
in the neighbourhood of zero.
By noticing the range of the parameter β appeared in two
equations (62) and (64), we can again conclude that the set
containing three-qubit W-class of states used in our telepor-
tation protocol is larger than the set of three-qubit W-class of
states used in Agrawal-Pati teleportation protocol.
VII. CONCLUSION
To summarize, we have discussed a teleportation scheme
for achieving the nearly perfect teleportation of a single qubit
using three-qubit W-class of states as a shared quantum state.
We found that the shared three-qubit W-states used in the pro-
posed teleportation scheme belong to different class of W-
states than the class of W-states introduced by Agrawal and
Pati. We have shown that the shared three-qubit states used
in our teleportation protocol lies on an ellipse with center at
(0,0). The identified new class of three-qubit W-states con-
tains larger number of states in comparison to the number
of three-qubit W-states contained in the class introduced by
Agrawal and Pati. In our teleportation protocol, we need
two-qubit measurement basis while Agrawal-Pati’s teleporta-
tion protocol need three-qubit measurement basis. We have
expressed the condition of the our teleportation scheme and
Agrawal-Pati teleportation protocol in terms of the concur-
rences of the reduced two-qubit state obtained after tracing out
one qubit from the three-qubit W-class of states. Since it has
been shown in this work that the values of the concurrences
of the reduced two-qubit state can be obtained experimentally
so the conditions of teleportation can be verified experimen-
tally. This verification will emphasize on the fact that whether
the given three-qubit state could be used in our teleportation
protocol or Agrawal-Pati teleportation protocol or not useful
for teleportation. We have also shown that three-pi entangle-
ment measure can be used to quantify the amount of entan-
glement of shared three-qubit W-class of states useful in the
9proposed teleportation protocol and also discussed its imple-
mentation in experiment. Lastly, we discuss the preparation of
three-qubit W-class of shared states for the two teleportation
protocol in NMR experiment.
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